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1. Some history of class groups of cyclotomic fields

Let p be an odd prime and consider K = Q(µp) the cyclotomic field of degree p− 1. Denote K+ = K ∩ R its totally real

subfield. We are interested in the class numbers h := #Cl(K) and h+ := #Cl(K+). Write also h− := h/h+ (which is an

integer!).

A standard application Dirichlet’s unit theorem and of Hilbert theorem 90 tells us that

O×
K = ±µp ×O×

K+ .

In particular, the regulators of K and K+ are the same. Using the analytic class number formula

ζ
(r1+r2−1)
K (0) = −hKRK

wK

for both K and K+, we obtain∣∣∣∣∣∣
∏

χ odd

L(0, χ)

∣∣∣∣∣∣
−1

p

=

∣∣∣∣ ζKζK+

(0)

∣∣∣∣−1

p

=

∣∣∣∣h−

p

∣∣∣∣−1

p

=
1

p

∣∣∣∣∣∣
∏

χ odd

Cl(K)χ

∣∣∣∣∣∣
−1

p

where the products are over characters1 χ : (Z/pZ)× → Z×
p . Explicitly, we have L(0, χ) = − 1

p

∑p−1
a=1 aχ(a). There is a

distinguished character ω : (Z/pZ)× → Z×
p , called the Teichmüller character and characterized by ω(a) ≡ a mod p. We have

|L(0, ω−1)|−1
p = 1

p but L(0, χ−1) ∈ Zp if χ ̸= ω. Using also that Cl(K)ω = 0 by Stickelberger’s theorem, we may write

(⋆odd)
∏

χ ̸=ω odd

|L(0, χ−1)|−1
p =

∏
χ ̸=ω odd

|Cl(K)χ|−1
p .

For the even part of the class group, Kummer observed that there is a very explicit subgroup of units C ⊆ O×
K+ , called

cyclotomic units, which has finite index and whose regulator can be explicitly computed. Comparing with the class number

formula, one can compute that |O×
K+/C|−1

p = |Cl(K+)|−1
p . Thus

(⋆even)
∏

χ even

|(O×
K+/C)χ|−1

p =
∏

χ even

|Cl(K)χ|−1
p .

Remark 1.1. Vandivier’s conjecture predicts that |h+|−1
p = 1.

1.1. Pre-Euler-systems history.

(1) Kummer [Kum50]: p | hK+ =⇒ p | h−, and thus p | Cl(K) if and only if p divides
∏

χ ̸=ω odd L(0, χ
−1). It is a simple

computation that this happens if and only if p divides one of the Bernoulli numbers B3, . . . , Bp−2.

1We are fixing an isomorphism C ≃ Qp to compare C× valued characters to such χ.
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This is called a reflection theorem, and we can give a modern proof as follows: let G = Gal(K/Q). As G-modules, we

have

K×/(K×)p
Kummer theory

= H1(K,µp) = H1(K,Z/pZ)⊗ ω = Hom(GK ,Z/pZ)⊗ ω

and we have Selmer groups (more about this later)

Sel(K,µp) := {α ∈ K× : p | νv(α) for all v}/(K×)p ⊇ Hom(Gal(HK/K),Z/pZ)⊗ ω =: Sel(K,Z/pZ)⊗ ω

One can check that

1→ O×
K/(O×

K)p → Sel(K,µp)→ Cl(K)[p]→ 1 and Sel(K,Z/pZ) ≃ Hom(Cl(K),Z/pZ),

and thus

dimCl(K)[p]ωχ−1

≤ dimCl(K)[p]χ +

 1 if χ = ω or χ is even,

0 otherwise.

(2) Herbrand [Her33]: for χ odd, |L(0, χ−1)|−1
p = 1 =⇒ |Cl(K)χ|−1

p = 1. This is a consequence of Stickelberger’s theorem.

(3) Ribet [Rib76]: for χ ̸= ω odd, |Cl(K)χ|−1
p = 1 =⇒ |L(0, χ−1)|−1

p = 1.

Ribet’s argument deserves its own notes, but the idea is roughly as follows. Assume |L(0, χ)|−1
p > 1. By congruences,

this propagates to |L(1 − k, χ)|−1
p > 1 for some other k ≡ 1 mod p. This in turn means that the constant coefficient of

the Eisenstein series Ek,χ is divisible by p. Ribet finds a cuspidal modular form g which is congruent to Ek,χ modulo p,

and then shows that on the associated Galois representation ρg : GQ → GL2(F ), for F a finite extension of Qp, we can

find a stable lattice for which the reduction of the representation becomes a non-trivial extension

ρ̃g =

χχ1−k
cycl ∗

1

 .

Note that the diagonal terms are what the Galois representation of Ek,χ looks like. This produces a nontrivial element

in

H1(Q,Z/pZ(χχ1−k
cycl )) = H1(Q,Z/pZ(χ))

which satisfies the appropriate local conditions. Thus

0 ̸= Sel(Q,Z/pZ(χ)) = Sel(F,Z/pZ)χ = Hom(Cl(K),Z/pZ)χ = Hom(Cl(K)χ
−1

,Z/pZ).

(4) Mazur–Wiles [MW84]: for χ ̸= ω odd, |L(0, χ−1)|−1
p divides |Cl(K)χ|−1

p .

Of course, together with (⋆odd) this implies the equality for all such χ. In fact, Mazur–Wiles prove an “assymptotic”

version of this divisibility in an Iwasawa family, following the above method of Ribet. Then one “controls” the result

back to K. Moreover, a reflection theorem in the Iwasawa family also lets one deduce from their results that

|(O×
K+/C)χ|−1

p divides |Cl(K)χ|−1
p

for χ even, which together with (⋆even) implies the equality for each χ.

In short, Mazur–Wiles’s work proves the following theorem.
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Theorem 1.2. We have

|Cl(K)χ|−1
p =


0 if χ = ω,

|L(0, χ−1)|−1
p if χ is odd and χ ̸= ω,

|(O×
K+/C)χ|−1

p if χ is even.

And in its essence, this is done by proving RHS | LHS in an Iwasawa family, and then deducing the equality from the class

number formula.

1.2. Post-Euler-systems. Four years later2 in 1988, Kolyvagin published his groundbreaking work [Kol88] on Heegner

points. But shortly before that, the Bolivian/Brazilian mathematician Francisco Thaine was working on a method to bound

exponents of class groups of real abelian extensions ([Tha88]). As an example, he proved for an even character χ that

exp(Cl(K)χ) ≤ exp((O×
K+/C)χ).

This was already known by the above work of Mazur–Wiles, but the proof here is of a different nature: it uses, in its core,

an Euler system3.

Shortly after, Kolyvagin became aware of Thaine’s work. Introducing the name “Euler systems”, Kolyvagin revisited

Thaine’s setting and his own setting, improving the above inequality to an equality about the orders of the groups ([Kol90]).

That is, Kolyvagin proved the divisibility

|Cl(K)χ|−1
p divides |(O×

K+/C)χ|−1
p for χ is even.

Thaine and Kolyvagin’s work used the Euler system of cyclotomic units, which we will discuss here. In the same paper,

Kolyvagin produces an Euler system for the odd part, using certain twisted Gauss sums, and proves

|Cl(K)χ|−1
p divides |L(0, χ−1)|−1

p if χ ̸= ω is odd.

As before, these divisibilities imply the equalities, and in fact such Euler systems can be used to give a simpler proof of

the Iwasawa main conjecture proven by Mazur–Wiles.

Remark 1.3. The divisibilities obtained with Euler systems are the opposite of the one provided by the Ribet/Mazur–Wiles

method. In the setting of cyclotomic fields, we only need one of them to conclude the equality, due to the class number

formulas (⋆odd) and (⋆even). In other settings, however, the two methods are complementary. For elliptic curves over Q, for

example, the class number formula has as analogue the refined BSD conjecture. So one can hope that a combination of both

methods above could lead to information about the refined BSD conjecture. This hope has seen the light of day in many

different contexts4.

2. Selmer groups of µM and Z/MZ

Let K be a number field, and let M be an odd5 positive integer. We will usually use the notation v for a place of K.

2The interested reader should look at the introduction of Rubin’s book [Rub00] for some words about this history.
3Thaine only used the classes in the first “level” of the Euler system: the classes c(1) an c(l) for certain primes l.
4See for example [SU14] for the setting of elliptic curves over Q of rank 0, or [JSW17] for rank 1.
5This is so that, among other things, we don’t need to consider the archimedean places in our discussion.
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2.1. With µM coefficients. Consider the exact sequence

1→ µM → Gm
·p−→ Gm → 1.

Hilbert 90 implies that the Kummer maps

δM : K×/(K×)M
∼−→ H1(K,µM ), δv,M : K×

v /(K×
v )M

∼−→ H1(Kv, µM )

are isomorphisms. For the local cohomology, we consider the exact sequence

1→ O×
Kv

/(O×
Kv

)M
αv−−→ K×

v /(K×
v )M

ord−−→ Z/MZ→ 1.

If v ∤ M, the first term correspond to the unramified cohomology H1
unr(Kv, µM ), as then the Teichmüller character induces

an isomorphism F×
v /(F×

v )
M → O×

Kv
/(O×

Kv
)M . If v | M, the first term at least contains H1

unr(Kv, µM ): for α ∈ K×
v /(K×

v )M ,

we have that δM (α) is an unramified class exactly if Kv(α
1/p) is an unramified extension, which implies (but is not equivalent

to) α ∈ O×
Kv
· (K×

v )M .

We form a Selmer group with the local conditions Sel(Kv, µM ) = im(αv). That is,

Sel(K,µM ) = {c ∈ K×/(K×)M : c ∈ (K×
v )M for all places v}.

From the extended Snake lemma6 on the diagram obtained from

0→ O×
K → K× →

⊕
v

K×
v /O×

Kv
→ Cl(K)→ 0

mapping to itself by multiplication by M, we obtain

0→ O×
K/(O×

K)M → Sel(K,µM )→ Cl(K)[M ]→ 0.

2.2. With Z/mZ coefficients. Since the coefficients have trivial action, we have

H1(K,Z/MZ) = Hom(GK ,Z/MZ), H1(Kv,Z/MZ) = Hom(GKv
,Z/MZ).

If Kv has residue field Fv, we have the inflation-restriction exact sequence

0→ H1(Fv,Z/MZ) βv−→ H1(Kv,Z/MZ)→ H1(Iv,Z/MZ)→ 0.

We form the Selmer group with (everywhere unramified) local conditions Sel(Kv, µM ) = im(βv). That is, if HK is the Hilbert

class field of K, then

SelM (K,Z/MZ) = Hom(Gal(HK/K),Z/MZ) = Hom(Cl(K),Z/MZ).

2.3. Local comparison map. Consider the case where |Fv| ≡ 1 mod M. Then µM ⊆ OKv and thus

H1
unr(Kv, µM ) µM , H1

s (Kv, µM )⊗Gv µM ,

c c(Frobv) c⊗ σ c(σ)

∼ ∼

6That is, by comparing the horizontal and vertical spectral sequences of the diagram.
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where Gv is the Galois group of the maximal tamely ramified extension of Kv. So we have a finite-singular comparison map

ϕfs : H1
unr(Kv, X)

∼−→ H1
s (Kv, X)⊗Gv.

2.4. Local Tate pairings. For Kv local we have the cup product pairing

H1(Kv, µM )⊗H1(Kv,Z/MZ)→ H2(Kv, µM ).

If v ∤ M, the local conditions Sel(Kv, µM ) and Sel(Kv,Z/MZ) are both unramified and thus annihilate each other7. In the

later sections we will be in a situation where the local conditions at v |M also annihilate each other.

Proposition 2.1. Let M = pk for p an odd prime. Assume either Kv ∩ µp = {1} or µM ⊆ Kv. Then Sel(Kv, µM ) and

Sel(Kv,Z/MZ) annihilate each other.

Proof. In the first case, one can check that Hi(Kv(µM )/Kv, µM ) = 0 for i > 0,8 and thus H1(Kv, µM ) ≃ H1(Kv(µM ), µM )GKv .

This reduces the question to the second case. In the case µM ⊆ Kv, such pairing can be interpreted with Hilbert symbols,

and we are left to check that (α, β)M := Art(α)(β1/M )/(β1/M ) is trivial if Kv(β
1/M )/Kv is unramified and if α is a unit.

This follows at once from the properties of the local Artin map. □

With all that, we conclude: an Euler/Kolyvagin system in H1(K,µM ) can be used to bound Sel(K,Z/MZ).9

3. The Euler and Kolyvagin systems

Let F = Q(ζp)
+, and denote Fn = Q(ζnp)

+. Denote ∆ = Gal(F/Q). Consider the following elements:

xn := (1− ζpn)(1− ζ−1
pn ) ∈ Fn.

Note that (1− ζpn) is a unit in Q(ζnp) as long as n > 1 and p ∤ n. Indeed,

(1− ζnζp)(1− ζnζ
2
p) · · · (1− ζnζ

p−1
p ) =

1− ζpn
1− ζn

is a unit. But a warning: x1 = (1− ζp)(1− ζ−1
p ) is not a unit. Note however that if R ∈ aug(Z[∆]), then R · x1 is a unit.

Definition 3.1. The cyclotomic units for F are C := aug(Z[∆]) · x1 ⊆ O×
F .

It is very easy to check the following Euler system relations.

Proposition 3.2. If nl is square-free, then (i) NmFnl/Fn
xnl = (Frobl − 1)xn, (ii) if λ is any prime above l, then xnl ≡ xn

mod λ.

Proof. Note that

NmFnl/Fn
xnl =

l−1∏
i=1

(1− ζpnζ
i
l )(1− ζ−1

pn ζ−i
l ) =

1− ζlnp
1− ζnp

·
1− ζ−l

np

1− ζ−1
np

= (Frobl − 1)xn.

7As then the image of Sel(Kv , µM )⊗ Sel(Kv ,Z/MZ) is simply the image of H1(Fv , µM )⊗H1(Fv ,Z/MZ) → H2(Fv , µM )
Inf−−→ H2(Kv , µM ), and

H2(Fv , µM ) = 0 as there is no nontrivial division algebra over a finite field.
8The Galois group Gal(Kv(µM )/Kv) is cyclic and generated by σ : µM 7→ µa

M for some a ̸≡ 1 mod p, and thus both µσ=1
M and µM/(σ − 1) are

trivial.
9One can also produce Euler/Kolyvagin systems in H1(K,Z/MZ) to bound Sel(K,µM ). The previously mentioned Euler system of twisted Gauss
sums is of this form.
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Moreover, since ζl ≡ 1 modulo any prime λ above l, we also have

1− ζnl ≡ 1− ζn mod λ. □

Now denote Gl = Gal(Fl/F ) = Gal(Fnl/Fn). For a choice of generator σl of Gl, we consider an operator Dl ∈ Z[Gl] such

that

(σl − 1)Dl = Trl − (l − 1).

Definition 3.3. We denote N to be the set of square-free products of primes l ≡ 1 mod pM.

If l ∈ N , this for instance implies that Frobl|F = id.

Proposition 3.4. Assume that n ∈ N . Then δM (Dnxn) ∈ H1(Fn, µM )Gal(Fn/F ) ∼←− H1(F, µM ). That is, there is c(n) ∈ F×

and βn ∈ F×
n such that Dnxn = c(n)βM

n .

Proof. The isomorphism follows from inflation-restriction and the fact that µ
GFn

M = 1, as µM ∩ F = 1 and (n,M) = 1. We

prove by induction that δM (Dnxn) is invariant. For the induction step,

(σl − 1)(Dnlxnl) = (Trl − (l − 1))Dnxnl =
(Frobl − 1)(Dnxn)(
(Dnxnl)(l−1)/M

)M =

(
(Frobl − 1)βn

(Dnxnl)(l−1)/M

)M

. □

Theorem 3.5. Let nl ∈ N and λ be a prime above l. Denote ∂λ : H
1(Fλ, µM ) ↠ H1

s (Fλ, µM ). We have

ϕfs(locλc(n)) = ∂λlocλc(nl)⊗ σl.

Proof. This amounts to proving that

δM (c(n))(Frobλ) = δM (c(nl))(σl).

Let λn be a prime of Fn above λ. The identity we want to prove it between elements of µM ⊆ O×
Fn,λn

, and thus it suffices

to prove they are congruent modulo λn. Write Dnxn = c(n)βM
n as above. Note that (σ − 1)βn is the unique M -th root of

(σ − 1)Dnxn contained in Fn. As

(Dnxnl)
l−1 = (Trl − (σl − 1)Dl)(Dnxnl) =

(Frobl − 1)(Dnxn)

(σl − 1)(Dnlxnl)
=

(
(Frobl − 1)βn

(σl − 1)βnl

)M

,

this means that we must have

(Dnxnl)
(l−1)/M =

(Frobl − 1)βn

(σl − 1)βnl
.

Note that we may take βn to be a λn-adic unit, and thus

c(n)(l−1)/M =
(Dnxn)

(l−1)/M

βl−1
n

≡λn

(Dnxnl)
(l−1)/M

(Frobl − 1)βn
=

1

(σl − 1)βnl
.

Hence

δM (c(n))(Frobλ) = (Frobλ − 1)c(n)1/M ≡λ c(n)(l−1)/M ≡λn

1

(σl − 1)βnl
.

Finally, as Dnlxnl ∈ F×
n is a unit, we have

δM (c(nl))(σl) =
1

δM (βM
nl )(σl)

=
1

(σl − 1)βnl
. □
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4. The global duality argument

We keep the notation from the previous section.

Theorem 4.1. Let M be a power of p and c ∈ Cl(F )[p∞]. Suppose we are given a nonzero element d ∈ H1(F, µM ) =

F×/(F×)M which is not in p ·H1(F, µM ). Then there are infinitely many primes λ of F such that: (i) λ ∈ c, (ii) the rational

prime l below λ is in N , (iii) locλ(d) is a generator of H1
unr(Fλ, µM ).

Proof. Under the hypothesis l ≡ 1 mod M and the identification H1
unr(Fλ, µM ) ≃ µM , the class locλ(d) correspond to the

root of unity ζ such that Frobλd
1/M = ζ · d1/M . So (ii) and (iii) correspond to having Frobl be a generator of the Galois

group H as below. Note that H ≃ µM as d ̸∈ (F×)p.

F (d1/M , µM )

F (µM )

F

Q

H

To guarantee (i), we only need to prove that the maximal unramified p-extension of F is disjoint from F (d1/M , µM ). So

assume L ⊆ F (d1/M , µM ) is an unramified p-extension of F. We want to prove that L = F. Since L/F is unramified, the

action of complex conjugation is trivial on Gal(L/F ). Note also that F (µM )/F is totally ramified, and thus we have that

H ↠ Gal(L/F ). But complex conjugation acts by −1 in H, and hence in Gal(L/F ). So complex conjugation acts on Gal(L/F )

by both 1 and −1, and thus L = F since p is odd. □

Definition 4.2. For an abelian p-group A and a ∈ A, we define

ord(a, A) := sup({m ∈ Z≥0 : a ∈ pmA}).

Corollary 4.3. Let M be a power of p and c ∈ Cl(F )[p∞]. Suppose we are given d ∈ H1(F, µM ). Then there are infinitely

many primes λ of F such that: (i) λ ∈ c, (ii) the rational prime l below λ is in N , (iii) we have

ord(locλ(d), H1
unr(Fλ, µM )) = ord(d, H1(F, µM )).

Proof. If d = ped0 where e = ord(d, H1(F, µM )), apply the above for d0. Then locλ(d0) ̸∈ p ·H1
unr(Fλ, µM ) ≃ (µM )p, and

thus ord(locλ(d), H1(Fλ, µM )) = e. □

Theorem 4.4. Let E = O×
F , and C ⊆ E be the finite index subgroup of cyclotomic units. Then for every even character χ,

we have

|Cl(F )χ|−1
p divides |(E/C)χ|−1

p .

Proof. Let M be a power of p such that

|E/C|−1
p , |Cl(F )|−1

p divide M.
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We may assume χ is nontrivial10. Let eχ = 2
p−1

∑
γ∈∆ χ−1(γ)γ ∈ Z(p)[∆] be the projector to the χ eigencomponent.

We denote cχ(n) := eχc(n). Since χ is nontrivial, aug(eχ) = 2
p−1

∑
γ∈∆ χ−1(γ) = 0, and thus cχ(1) ∈ C. In fact, Cχ is

generated by cχ(1), and thus (E/C)χ[p∞]
∼−→ δM (Eχ)/δM (cχ(1)). Note that δM (Eχ) ≃ Z/MZ is cyclic, and hence |(E/C)χ|−1

p =

ord(cχ(1), H1(F, µM )).

We know we will bound Sel(F,Z/MZ), but which eigenspace exactly? Let’s think of cχ(l) for some l ∈ N , for example.

Note that l split completely in F/Q, and so if we fix a prime λ above l, all the other primes above l are γλ for γ ∈ ∆. We

have canonical isomorphisms

H1(Fλ, µM ) ≃ H1(Fγλ, µM ),

and under this we have

locγλc
χ(l) = χ(γ) · locλcχ(l)

So if we have a class f ∈ Sel(F,Z/MZ)χ0 , we will have

0 =
∑
γ∈∆

⟨locγλc(l), locγλf⟩ =
∑
γ∈∆

χ(γ)χ0(γ)⟨locλc(l), locλf⟩ = ⟨locλc(l), locλf⟩
∑
γ∈∆

(χχ0)(γ).

This is only nontrivial if χ0 = χ−1. This means that we will be able to bound Sel(F,Z/MZ)χ−1

. As Sel(F,Z/MZ) =

Hom(Cl(F ),Z/MZ), we will indeed bound Cl(F )χ.

Choose a decomposition

Cl(F )[p∞]χ =

r⊕
i=1

[ai] · Z/paiZ.

From this we get a corresponding decomposition of Sel(F,Z/MZ)χ−1

, namely

Sel(F,Z/MZ)χ
−1

=

r⊕
i=1

fi · Z/paiZ, where fi([aj]) =

 0 if i ̸= j,

M/pai if i = j.

We choose a sequence of primes λ1, . . . , λr of F such that for all i we have (i) [λi] = [ai], (ii) the rational prime li below

λi is in N , (iii) we have

(⋆) ord(locλi
cχ(l1 · · · li−1), H1

unr(Fλi
, µM )) = ord(cχ(l1 · · · li−1), H1(F, µM )).

We can do this inductively by the above corollary. Denote bi = ord(cχ(l1 · · · li), H1(F, µM )), so we may write cχ(l1 · · · li) =

pbi · d(i). Note that b0 = ord(cχ(1), H1(F, µM )), and so pb0 = |(E/C)χ|−1
p .

Global duality for d(i) ∈ H1(F, µM ) and fi ∈ H1(F,Z/MZ) tells us that

0 =
∑
v

⟨locvd(i), locvfi⟩ =
(p− 1)

2

i∑
j=1

⟨locλj
d(i), locλj

fi⟩ =
(p− 1)

2
⟨locλi

d(i), locλi
fi⟩.

The second equality is since d(i), fi are in the local Selmer groups outside l1, . . . li, and the third as locλj
fi ↔ fi([λj ]) is 0

for j ̸= i. This gives us the upper bound ai ≤ ord(∂λi locλid(i), H1
s (Fλi , µM )).

10As any element c ∈ Cl(F )id satisfies cp−1 = NmF/Qc ∈ Cl(Q) = {1}, and thus Cl(F )id ⊆ Cl(F )[p− 1].
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We can compute the above order in terms of the bi:

bi + ord(∂λi locλid(i)) ord(∂λi locλic
χ(l1 · · · li))

ord(locλi
cχ(l1 · · · li−1)) ord(cχ(l1 · · · li−1)) bi−1.

Kolyvagin system

(⋆)

Hence

ai ≤ ord(∂λi
locλi

d(i)) = bi−1 − bi,

and thus

logp|Cl(F )χ|−1
p =

r∑
i=1

ai ≤
r∑

i=1

(bi−1 − bi) = b0 − br ≤ b0 = logp|(E/C)χ|−1
p . □
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